Let A ⊂ C and B ⊂ D be unital inclusions of unital C * -algebras. (D, B) ) be the space of all bounded A-bimodule (resp. B-bimodule) linear maps from C (resp. D) to A (resp. B). We suppose that A ⊂ C and B ⊂ D are strongly Morita equivalent. We shall show that there is an isometric isomorphism f of A B A (C, A) onto B B B (D, B) and we shall study on basic properties about f .
Introduction
Let A ⊂ C and B ⊂ D be unital inclusions of unital C * -algebras. We suppose that they are strongly Morita equivalent with respect to a C − D-equivalence bimodule Y an its closed subspace X. In this paper, we shall define an isometric iso- (D, B) ) is the space of all bounded A-bimodule (resp. B-bimodule) linear maps from C (resp. D) to A (resp. B). We shall show that the above isometric isomorphism f can be constructed in the same way as in [3, Section 2] . Using the above result, we study on the basic properties about f . Especially we shall give the following result: If φ is an element in A B A (C, A) having a quasi-basis defined in Watatani [7, Definition 1.11.1], then f (φ) is also an element in B B B (D, B) having a quasi-basis and there is an isomorphism of π of A ′ ∩ C onto B ′ ∩ D such that
where θ φ and θ f (φ) are the modular automorphisms for φ and f (φ), respectively which are defined in [7, Definition 1.11.2] . We note that the isometric isomorphism f of A B A (C, A) onto B B B (D, B) depends on the choice of a C − D-equivalence bimodule and its closed subspace X. In the last section, we shall discuss the relation between f and the pair (X, Y ).
For an algebra A, we denote by 1 A and id A the unit element in A and the identity map on A, respectively. If no confusion arises, we denote them by 1 and id, respectively. For each n ∈ N, we denote by M n (C) the n × n-matrix algebra over C and I n denotes the unit element in M n (C). Also, we denote by M n (A) the n× n-matrix algebra over A and we identify M n (A) with A⊗ M n (C) for any n ∈ N.
Let A and B be C * -algebras. Let X be an A − B-equivalence bimodule. For any a ∈ A, b ∈ B, x ∈ X, we denote by a · x the left A-action on X and by x · b the right B-action on X, respectively. Let A B(X) be the C * -algebra of all adjointable left A-linear operators on X and we identify A B(X) with B. Similarly we define B B (X) and we identify B B (X) with A. Lemma 2.3. With the above notation, ψ is a linear map from D to B satisfying the following conditions:
Proof. We can prove this lemma in the same way as in the proof of [3, Proposition 3.6] . Indeed, by the definition of ψ, ψ satisfies Condition (1) . Also, for any x, z ∈ X, y ∈ Y ,
Thus ψ is bounded and ||ψ|| ≤ ||τ ||. Next, we show that ψ is a B-bimodule map from D to B. It suffices to show that
by Lemma 2.2. Let ψ ′ be a linear map from D to B satisfying Condition (1) . Then for any x ∈ X, d ∈ D,
Hence ψ(d) = ψ ′ (d) for any d ∈ D. Therefore, we obtain the conclusion. Proposition 2.4. Let A ⊂ C and B ⊂ D be unital inclusions of unital C * -algebras. We suppose that A ⊂ C and B ⊂ D are strongly Morita equivalent with respect to a C − D-equivalence bimodule Y and its closed subspace X. Let φ be any element in A B A (C, A). Then there are the unique linear map τ from Y to X and the unique element ψ in B B B (D, B) satisfying the following conditions: (D, B) , we have the same results as above.
Proof. This is immediate by Lemmas 2.1, 2.2 and 2.3.
For any element φ ∈ A B A (C, A), there are the unique element ψ ∈ B B B (D, B) and the unique linear map τ : Y → X satisfying Conditions (1)-(6) in Proposition 2.4. We denote by f the map from φ ∈ A B A (C, A) to the above ψ ∈ A B B (D, B). Then we have the following theorem: Theorem 2.5. Let A ⊂ C and B ⊂ D be unital inclusions of unital C * -algebras. We suppose that A ⊂ C and B ⊂ D are strongly Morita equivalent. Then there is
Proof. By the definition of f and Proposition 2.4, f is a linear map from
Lemma 2.6. With the above notation, let φ be any element in A B A (C, A). Then f (φ) is the unique linear map from D to B satisfying that
Proof. Let ψ be another linear map from D to B satisfying that
Matrix algebras over a unital C * -algebra
Let A ⊂ C and B ⊂ D be unital inclusions of unital C * -algebras. We suppose that A ⊂ C and B ⊂ D are strongly Morita equivalent with respect to a C − Dequivalence bimodule Y and its closed subspace X. By 
and we identify A, C and B, D with (1 ⊗ e)M n (A)(1 ⊗ e), (1 ⊗ e)M n (C)(1 ⊗ e) and pM n (A)p, pM n (C)p, respectively. We denote the above isomorphisms by
respectively. In this section, we shall construct a map from
for any x ∈ M n (C). Since ψ(p) = p, by easy computations, ψ can be regarded as an element in pMn(A)p B pMn(A)p (pM n (C)p , pM n (A)p). We denote by F the map from φ ∈ A B A (C, A) to the above ψ ∈ pMn(A)p B pMn(A)p (pM n (C)p , pM n (A)p).
Remark 3.1. We note that the unital inclusion of unital C * -algebras A ⊂ C is strongly Morita equivalent to the unital inclusion of unital C * -algebras pM n (A)p ⊂ pM n (C)p with respect to the C − pM n (C)p-equivalence bimodule (1 ⊗ e)M n (C)p and its closed subspace (1 ⊗ e)M n (A)p, where we identify A and C with (1 ⊗ e)M n (A)(1 ⊗ e) and (1 ⊗ e)M n (C)(1 ⊗ e), respectively.
Proof. This can be proved by routine computations. Indeed, for any c ∈ M n (C), x, y ∈ M n (A),
On the other hand,
Since
Thus, we obtain the conclusion.
Basic properties
Let A ⊂ C and B ⊂ D be unital inclusions of unital C * -algebras. We suppose that they are strongly Morita equivalent with respect to a C − D-equivalence bimodule Y and its closed subspace X. Lemma 4.1. With the above notation, we have the following:
(2) Let d be any positive element in D. Then C x · d, x ≥ 0 for any x ∈ X by Raeburn and Williams [4, Lemma 2.28].
Hence Lemma 2.28 ]. Therefore, we obtain the conclusion.
Proof. Since f (φ)(a) = a for any a ∈ A, for any b ∈ B, x, z ∈ X, 
Proof. We recall the discussions in Section 3. That is, by Lemma 
, n is some positive integer and p is a full projection in M n (A). Also, Ψ B and Ψ D are the isomorphisms of B and D onto pM n (A)p and pM n (C)p defined in Section 3, respectively. We note that Ψ D | B = Ψ B . Since there is a positive integer t such that φ(c) ≥ tc for any positive element c ∈ C, by Frank and Kirchberg [1, Theorem 1], there is a positive number s such that (φ ⊗ id)(c) ≥ sc for any positive element c ∈ M n (C). Thus for any d ∈ D,
. Therefore, we obtain the conclusion.
Following Watatani [7, Definition 1.11.1], we give the following definition.
. Then there is a quasi-basis Proof. This lemma can be proved in the same way as in [3, Section 2]. Indeed, F (φ) = (φ ⊗ id Mn(C) )| pMn(C)p , where n is some positive integer and p is a full projection in M n (A). Hence there is elements a 1 , a 2 , . . . ,
is a quasi-basis for F (φ) by routine computations. A) . If there is a quasi-basis for φ, then there is a quasi-basis for f (φ).
Proof. This is immediate by Lemmas 3.3, 4.6. Proof. This is immediate by Propositions 4.2, 4.7.
Modular automorphisms
Following Watatani [7, Section 1.11], we give the definitions of the modular condition and modular automorphisms.
Let A ⊂ C be a unital inclusion of unital C * -algebras. Let θ be an automorphism of A ′ ∩ C and φ an element in A B A (C, A).
Definition 5.1. Let θ and φ be as above. φ is said to satisfy the modular condition for θ if the following condition holds:
for any x ∈ A ′ ∩ C, y ∈ C.
We have the following theorem which was proved by Watatani in [7] : A) and we suppose that there is a quasi-basis for φ. Then there is the unique automorphism θ of A ′ ∩ C for which φ satisfies the modular condition.
Definition 5.2. The above automorphism θ of A ′ ∩ C given by φ in Theorem 5.1 is called the modular automorphism associated with φ and denoted by θ φ .
Remark 5.2. Following the proof of [7, Theorem 1.11.3], we give how to construct the modular automorphism for any c ∈ A ′ ∩C, where we note that (pM n (A)p) ′ ∩pM n (C)p = (M n (A) ′ ∩M n (C))p. and that
Thus we can see that
Lemma 5.3. With the above notation, let φ ∈ A B A (C, A) with a quasi-basis for φ. Then F (φ) ∈ pMn(A)p B pMn(A)p (pM n (C)p , pM n (A)p) with a quasi-basis for F (φ) and
be a quasi-basis for φ. Then by Lemma 4.6, {(p(u i ⊗ I n )a j p , pb j (v i ⊗ I n )p)} i=1,2...,m, j=1,2...,K is a quasi-basis for F (φ), where a 1 , a 2 , . . . , a K , b 1 , b 2 , . . . , b K are elements in M n (A) with K j=1 a j pb j = 1 Mn(A) . Then by Remark 5.2 and the definitions of F (φ), φ, for any c ∈ A ′ ∩ C,
On the other hand, for any c ∈ A ′ ∩ C,
for any c ∈ (pM n (A)p) ′ ∩ pM n (C)p. Therefore, we obtain the conclusion. (D, B) with a quasi-basis for f (φ) and there is an isomorphism ρ of
Proof. By Proposition 4.7, f (φ) ∈ B B B (D, B) with a quasi-basis for f (φ). Also, by Lemma 5.3,
where π is the isomorphism of A ′ ∩ C onto (pM n (A)p) ′ ∩ pM n (C)p defined as above and n is some positive integer, p is a full projection in M n (A). Let Ψ D be the isomorphism of D onto pM n (C)p defined in Section 3.
We claim that f (φ) satisfies the modular condition for Ψ −1
We give a remark. Following [7, Section 1.4] , for any φ ∈ A B A (C, A), h ∈ A ′ ∩C, we define φ h and h φ as follows: Let φ h and h φ be the linear maps from C to A defined by
for any c ∈ C, respectively. Then by easy computations, φ h and h φ are in
Remark 5.5. Let A ⊂ C and B ⊂ D be unital inclusions of unital C * -algebras, which are strongly Morita equivalent. Let f , F and π, Ψ B , Ψ D be as in the proof of Theorem 5.4. Then we have the following: (1) . For any c ∈ pM n (C)p, 
. Similarly, we can show (2).
Equivalence classes
Let A ⊂ C and B ⊂ D be unital inclusions of unital C * -algebras. We suppose that they are strongly Morita equivalent with respect to a C −D-equivalence bimodule Y and its closed subspace X. Let A B A (C, A) and B B B (D, B) be as in Section 2 and let f (X,Y ) be the isometric isomorphism of A B A (C, A) onto B B B (D, B) induced by (X, Y ), which is defined in Section 2. Then f (X,Y ) depends on the choice of a C − D-equivalence bimodule Y and its closed subspace X. In this section, we shall clarify the relation between equivalence classes of C − D-equivalence bimodules Y and their closed subspaces X and isometric isomorphisms of
Let Equi(A, C, B, D) be the set of all pairs (X, Y ) such that Y is a C − Dequivalence bimodule and X is its closed subspace satisfying Conditions (1) and (2) 
Then for any x 1 , x 2 ∈ X, d ∈ D,
Hence we obtain that
Thus we obtain the conclusion.
We denote by f Proof. Let x 1 , x 2 ∈ X and z 1 , z 2 ∈ Z. Let m ∈ M and φ ∈ A B A (C, A). We note that f [Z,W ] (f [X,Y ] (φ))(m) ∈ L. Hence
On the other hand, (C, A) . Therefore, we obtain the conclusion.
